The effect of a free surface in releasing the shock pressure is studied, for both shallow and deep water, by the exact mathematical solution of several somewhat idealized problems. Formulae emerge which display discon tinuities of the type which could. be qualitatively predicted on physical grounds, as representing the effect of successive reflexions at bed and free surface; some graphs showing the quantitative march of events calculated from the formulae are given. The pressure seems never to exceed the shock pressure due to the maximum velocity of impact, but suction occurs in some cases; this suction may have serious effects as regards erosion. The surface elevation shows the characteristic splash at the wall, becoming mathematically infinite there.
Introduction
The present investigation originated as an attem pt to provide fi theo retical background to certain experiments on wave impact carried out in the hydraulics laboratory of the City and Guilds College. As the experi mental results grew in number and were analysed, it became clear th a t the occlusion of an air bubble was responsible for what were, in the early stages, regarded as anomalous results. Although I am not yet able to include in the mathematical investigation even a highly idealized*air bubble such results as have been obtained are of very considerable mathematical and physical interest.
The type of problem considered here is the propagation and release of the impact pressure, and other circumstances of the resulting fluid motion, when moving water having a free surface impinges on a vertical wall. I t is actually more convenient to consider a moving wall and (initially) stationary water. Since the speed of compressional waves so greatly exceeds th at of surface waves and ripples, gravity and surface tension are negligible; the effects of viscosity are also neglected.
Fundamental equations
The first problem may be formulated thus; Liquid of uniform depth A in a channel of uniform breadth extends to infinity on one side of a vertical cross-channel partition. The partition is constrained suddenly to commence moving with velocity V. I t is sought to determine the resulting fluid motion and pressure.
Let x be the distance measured along the channel from the initial location of the partition, and y the distance measured downwards from the equili brium level of the free surface; let also t denote time measured from the instant a t which the partition commences to move. I f the viscous effects due to the bed and the walls (in any case small) are neglected, the motion will be independent of the third space co-ordinate. The motion will also be regarded as small, so th at squares and higher powers of the velocity com ponents will be neglected.
W ith these assumptions a velocity potential (f>' will exist for the motion, in terms of which the velocity components will be given by ux = -dfijdx, uv
• t y ' f l y , and which satisfies the equation
in which c is the velocity of compressional waves. The excess pressure p is given by d > ,
where p is the density of the liquid. The boundary conditions which must be satisfied are
I t is convenient to introduce non-dimensional co-ordinates f, tj, r, defined /2h, y = 7ry/2h, r = nctj2Ji, [1] [2] [3] [4] [5] and so chosen th at in terms of the new units, the depth of the channel is \ tt and the wave velocity unity. The shock pressure 'due to ' a velocity V is pcV; and thus TT r p -pcVm,
where, again, w is non-dimensional. Finally, a non-dimensional velocity potential < f> is introduced defined by
In terms of these new variables,
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Solution of the equations
where, in the summation (as throughout this paper), m takes all odd positive integral values, the boundary condition (ii) The solution of this corresponding to propagation in the positive £ direction is fm = exp {-£V (y2 + m2)}.
The coefficients A m must be determined so as to satisfy condition (i); the usual Fourier method yieldŝ mV(y2 + ™2) = so th at * 4 sinm^ tt m e-gV(r2+m»)
To interpret this use is made of the known result ye-£V(y*+m*) (Q, 0 < r < £ ,
and from this it readily follows th at
Formulae for the surface velocity s and the surface elevation s respectively are readily derived; they are:
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Summation of series and discussion of results
The above results involve Schlomilch series of Bessel functions, and it is possible to express their sums in finite (albeit discontinuous) form. W atson {Theory of Bessel functions, ch. 19) implies th a t few practical applications of such series have so far been discovered, but it will be found th a t their mathematical eccentricities are peculiarly appropriate to the present problem.
The series for w will first be summed. Writing, for brevity, *J{t2 -£2) = fi, and using the formula
is obtained. Changing the order of summation and integration (easily justified), it is found th a t
where n is any integer, so th a t
The discontinuities of f ( y + f isin#) ocSur where sin has any of th in (3*4) also corresponds with the facts th at on reflexion at the bed, no change of type (from condensation to rarefaction, or vice versa) occurs, whereas on reflexion at the free surface, such a change does occur. Note also th a t the variables x and. t occur in the expression for w only in the combination /?; the march of events in thus conveniently exhibited by a graph of wa s a function of /? for various values of rj, such as is given in figure 2. In this diagram the effects of the arrivals of the successive reflected waves are evident.
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The formulae relating to the motion of the free surface are also of interest. They may be derived from (2*7) and (2*8), or by the aid of (3-4). The former requires first the summation of the series in the integrand of (2*7). Now where the prime indicates th a t the first term ( = 0) in the sum is to be halved. At E , = 0, sa nd s become infinite, so th at the assump motion is violated. The graph (figure 3) of s for r = 57r/2 shows, however, th at the formula does simulate the characteristic splash ( at = 0.
The total force F acting at any instant upon unit width of the partition is given by rh, 2 C*"
The effect of a free surface on com pressional (shock) waves 215 is derived. This series can be summed (cf. Watson, Theory of Bessel functions, p. 634). Thus, or alternatively after some tedious calculations based on (3*4), it is found that
the series terminating when succeeding terms would be imaginary. The graph of Fa s a function of r (figure 4) again shows, but less markedly, the effects of the sequence of reflexions.
This formula makes F take negative values-a consequence, of course, of the negative pressures shown in figure 2. From the point of view of erosion, the effects of this suction may be more serious than those of the 216 W. 6. Bickley direct shock pressure; such suction will certainly tend to remove particles whose adhesion has been weakened by the impact pressure.
Generalization op results
I t is easy to modify the above analysis so as to include any law of velocity distribution over the partition £ = 0, i.e. to replace condition (1*4) (i) by
where V is now used as a representative velocity and v(tj) is a non-dimen sional function of 7 ), so far defined only in the range 0< tj< \ tt. In this range, v(rj) can be represented by a series of sines of odd multiples of I f the defini tion of v(t /) is extended so th a t it represents, for all values of r], the sum of this series, then v(tj) is periodic in rj with period 2 and, moreover,
Corresponding to (3*3) it follows th a t
This general solution of the two-dimensional wave equation is closely akin to W hittaker's well-known general solution of Laplace's equation in cylindrical co-ordinates.
The detail of the solution for many reasonable assumed laws of velocity distribution is easily derived from (4*3).
A more im portant extension is one which will include velocities of the partition variable with time. Duhamel's integral applied to the solutions obtained in § §2 and 3 gives the relevant formulae. The special case of a constant acceleration a is of some importance, and the formulae may be derived by replacing Vb y a and integrating from 0 to t. In t found, for instance, th a t
(if 1C0Sh'1© + 2 thj( cH2 4 n2h2 (4*4)
Transition to infinite depth
This transition is easy, but owing to lack of reflexion from the bed, many features of mathematical and physical interest are lacking in the formulae. The results can, of course, also be obtained independently.
For a constant velocity V of the partition, the solution is contained in the early terms of (3*4), (3*6), (3-7), i.e.
being now regarded as a repre sentative length) t of a free surface on com pressional (shock) waves 217 The results (5*1), (5*2) and (5-3) readily follow from (5-4). Practical cases, e.g. water of some depth a t a vertical sea wall, would involve a velocity which differed from zero for a small depth (comparable with the height of a wave) only. Details of several such cases have been worked out. In the case where
the formulae are not difficult to derive, and the discontinuities in form correspond to circular wave fronts originating a t (0,0) and (0, F) a t t 0. There are four subcases, each with four ranges associated with different formulae. I refrain from writing the sixteen, but for the total force per unit width and for the surface velocity and elevation the number of formulae is reduced to two, as follows: [Note added in proof. The fact, pointed out by the referee, th a t the analysis for the case of water of depth on a rigid bottom is applicable also to a jet of breadth 2 h,is remarkable, since it appea alone can mimic the effect of a rigid central partition.]
